General concept of multidimensional (M-D) two-channel perfect reconstruction (PR) filter banks is presented. The framework starts by constructing a factorizable halfband function in M-D and, subsequently, uses spectral factorization to obtain the subband filters. Number of zeros at aliasing frequency can be obtained easily by using variable transformation from 1-D to M-D. Possible passband shape is discussed. A novel condition for 2-channel PR filter banks in M-D is presented by which the choices of possible passband shapes are significantly reduced. Finally, a frequency mapping between two possible passbands is proposed. A necessary and sufficient condition for the mapping to preserve the PR condition is presented.
INTRODUCTION
Multidimensional (M-D) multirate signal processing and filter banks have been successfully applied in many applications. In the past, M-D filters and filter banks were implemented using separable method [I], and most of the properties in 1-D were preserved in the extension from 1-D to M-D, especially the perfect reconstruction (PR) property. Since this approach is very straightforward and easy to design, the choices of the possible filters and filter banks are very limited.
Non-separable method provides more flexibilities in filter bank design ([2],[3]), and previous researches in this area include:
In [4], Chen and Vaidyanathan derived an M-D filter and filter bank from 1-D filter. Using a decimation matrix D in spatial domain, the frequency passband is mapped to another shape of passband by the matrix DT. Arbitrary parallelepiped shape filters and filter banks can be designed starting from a separable M-D filter. However, designing PR filter bank using this approach is difficult. In [5], two-channel biorthogonal filter banks and wavelet bases are proposed where the approach is equivalent to a one-step lifting scheme. PR condition is structurally imposed and 2-D filters are derived from I-D filters. In this paper, we present the generalization of M-D 2-channel filter bank by designing factorizable halfband filters using lifting scheme. The time-domain structure of halfband functions constraints the passband shape of the filters in filter banks by which the possible choices of the passband shapes are limited. Fixing the lifting polynomials to be one-sided polynomials of a fixed polynomial is equivalent to generalization of variable transformation (see section 2). Some properties on linear phase and orthogonal cases are presented. From a valid passband shape, a new shape can be obtained using frequency mapping. A necessary and sufficient condition on the transformation matrix which preserves the halfband properties is introduced with some simulations. This paper is organized as follows : Section 2 discusses variable transformation and the connection to lifting scheme. Frequency mapping which preserves the halfband condition of the product filter is discussed in section 3. In section 4, some simulations in both linear and nonlinear phase cases using the methods in sections 2 and 3 are presented, and, section 5 concludes the paper. In this paper, we consider only the case when D is completely non-separable since for diimensions that are separable can be determined separately. For convenience, we allow filters to be noncausal (two-sided polynomials) unless otherwise noted. Note on the definition of halfband filters : In a 2-channel filter bank, the conventional notation of the product of the analysis and synthesis lowpass filters is P ( z ) = Ho(z)Fo(z). By using that definition, the system is PR if and only if P ( z ) -P ( -z ) = CZ" by which we call P ( z ) a halfband filter. However P ( z ) in the above definition has a property that
In order to make the equation (2) a necessary and sufficient condition for PR, we define P ( z ) = ~o H o ( z ) F o ( z ) .
For the rest of the paper, the subscripts 0's of the filters in the lowpass channel are omitted unless specified.
In 1-D case, P ( z ) is a (two-sided) polynomial of z-'. Hence we can always factor z;'P(z) = z -' P ( z ) into H ( z ) and F ( z ) , the analysis and synthesis filters satisfying the PR conditions. However in M-D case, this is not always possible unless one factor is a delay. Nevertheless given a halfband filter P ( z ) , a new halfband filter can be obtained as follow : (3) for some polynomial G(z). The new halfband filter may or may not be factorizable regardless the factorizable of P ( z ) . However if G(z") and P ( z ) have a common factor, then P ( z ) is factorizable. Hence we recursively construct factorizable halfband filters as follow. Let Po((,) = 1. For each iteration k and suppose that P k ( z ) = E k ( z ) h k ( z ) (a factorizable halfband), then
is also a factorizable halfband filter, for some polynomial C k ( z ) .
It is clear that
(2) is halfband if and only if P k ( z ) is halfband. The following observations are special cases, discussed in previous works.
If E k ( z ) is the analysis or synthesis filter of P k ( z ) then this construction is equivalent to lifting scheme [lo] . To be specific, without loss of generality, let E k ( z ) = H ( z ) (the lowpass analysis filter) and P k ( z ) = F ( z ) H ( z ) , then
Therefore the new analysis lowpass filter H1#(z) becomes as illustrated in figure 1 [lo].
If Ek(z)'s are monomials, the construction is equivalent to equation (4) One of the advantages of lifting is that all filters can be implemented as integer coefficient filters which is useful in low power applications such as in wireless communications and satellite communications. However Ck(z)'s can be arbitrarily chosen, the domain of optimization is large, and thus it is not obtained easily.
Among the three special cases, the third one seems to be most general. The choice in [5] can be viewed as two-steps lifting scheme and is a special case of where c, # 0. For convenience, the superscript k will be omitted.
The rest of this section discusses the solutions of equation (5).

Theorem 1 P ( z ) is symmetric ifand only i f A ( z ) is symmetric.
Sketch of the proof:
IfA(z) is symmetric, symmetry of P ( z ) is immediate. Now we will prove the forward direction. Suppose that P ( z ) is symmetric, i.e. P ( z ) = P(z-'). 
IfA(z) -A(z-') # 0 andsince c, # 0, it is easy to see that Hence we have A(z) 0 which is contradiction because
A(z) # A(z-'). 0
Symmetry of the filters is equivalent to linear phase property which is important in image processing application because of simple border processing. If A(z) is symmetric, and the halfband filter P ( z ) is factorized into two polynomials of A(z), H ( z ) and F ( z ) , then they are also symmetric. Moreover, their symmetries are analogous to odd length symmetric filters in I-D.
Theorem 2 There is no orthogonal solution for the equation (5).
Proof: value is two. If P ( z ) is an ideal filter, for each a E (1, -l}M, then there are two possibilities :
Suppose that a solution exists, say P ( z ) = H ( z ) H ( z -' ) where H ( z ) is of the form H ( z ) = hkA(z)k. P ( z ) is symmetric. From theorem I , A(z) is symmetric and so H ( z ) . This implies that H ( 2 -l ) = H ( z ) and therefore P ( z ) = H'(z) which is contradiction because P ( z ) consists of only odd degrees of A(z).
1. a is in passband and -a is in stop band or vice versa.
2. Both a and -a are in transition band. I . xi tij's are odd for every j E 0, 1, ..., M -1.
h(n) is halfband if(und only ifg(n) is haljband. Proof:
( 1 2 
Since the transformation in theorem 5 preserves the halfband condition, the new filter also satisfies the condition (6) 
CONCLUSION
In this paper, we presented a construction method for M-D 2-channel PR filter banks using lifting scheme by which a new PR filter bank was constructed from an existing PR system. The approach can be viewed as an generalization of variable transformation by which the approaches in [8] and [5] are two special cases.
Linearity and orthogonality of the filters have been discussed and proved that no orthogonal solution exists. Generalization of aliasing frequency in M-D case has been discussed. Frequency transformation which preserves halfband condition of the product filter has been presented by which, given a valid PR system, a new PR system with new passband shape of the filters can be obtained easily. Some illustrations and simulations have been presented in both linear and non-linear cases.
